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Abstract

Gabor filter responses are widely and successfully used as general purpose
features in many computer vision tasks, such as in texture segmentation, face de-
tection and recognition, and iris recognition. In a typical feature construction the
Gabor filters are utilized via multi-resolution structure, consisting of filters tuned
to several different frequencies and orientations. The multi-resolution structure
relates the Gabor features to wavelets, but the main difference, non-orthogonality,
also is connected to the main weakness of the Gabor features: computational heav-
iness. The computational complexity prevents their use in many real-time or near
real-time tasks, such as in object tracking. Fortunately, many arithmetic tricks ex-
ist which can be employed to significantly improve the computational complexity
with negligible loss in accuracy. The main contribution of this study is the com-
prehensive survey of existing and development of new improvements which can be
applied to filter parameter selection, filter construction, and feature computation.
They are combined to provide a complete framework for optimally efficient com-
putation of Gabor features. To make the proposed framework the most valuable
and useful the implementation is distributed as public software.

1 Introduction

Gabor features constructed from post-processed Gabor filter responses have been suc-
cessfully used in various important computer vision tasks, such as in texture segmenta-
tion [2], face detection [9], and iris pattern description [6]. However, only very rarely
the main weakness of Gabor filter based features, the computational heaviness, has re-
ceived any attention even though it may prevent the use of proposed methods in real
applications. It is evident that Gabor filters have many advantageous or even superior
properties for feature extraction [12], but if the computational complexity cannot be
improved their application areas will remain limited.

Since Gabor filters correspond to any linear filters the most straightforward tech-
nigue to perform the filtering operation is via the convolution in the spatial domain. The
standard convolution with Gabor filters can be improved by utilizing the separability
of Gabor filters [4, 15] or their symmetry, anti-symmetry and wavelet characteristics
for reducing the number of needed multiplications and additions [17]. The convolu-
tion improvements however apply only for certain filter configurations making them
merely special cases, and thus, it often occurs that the school book solution, perform-
ing filtering in the frequency domain, provides the most efficient general improvement.



In addition, certain approximation techniques yielding to more efficient computation,
such as recursive Gabor approximation [18] or approximation by decomposition into
Gaussians [1], have been proposed, but the approximations do not guarantee the ben-
eficial feature space properties [12], and thus, the advantages may remain somehow
artificial. Main techniques which can be used in an efficient computation, but which
are hitherto neglected, are external knowledge about how the features are typically
used: the multi-resolution structure utilizing several frequencies and orientations, and
the stable numerical support provided by a relatively small effective area of the filters.

The main contributions of this study are (i) extensive survey of Gabor filter proper-
ties which are exploited in the literature, (ii) simple but efficient novel improvements
based on the filter properties, and (iii) devising an optimal framework for computing
the filter responses. An implementation of the framework is published as public soft-
ware [11].

The document is divided to four main parts. In Section 2, Gabor features and simple
Gabor feature space are described shortly. In Section 3, some background for efficient
Gabor filtering is presented before going into details on how filter envelopes can be
calculated and how some properties of Gabor filters can be used to speed up compu-
tations. Section 4 concerns implementation issues of Gabor filtering in both spatial
and frequency domains, multi-resolution filtering and selection of the most efficient
filtering method. Section 5 contains some experimental results on the benefits of op-
timizations to the computation speed and also what kind of errors the optimizations
cause.



2 Constructing Gabor features

Common to all Gabor features is that they are based on Gabor filter responses for a
given input image. The responses over the image are calculated for a set of filters, a
bank, tuned to various orientations and frequencies. In the following the principles are
briefly visited and novel methods for selecting the filter parameters are devised.

2.1 Gabor filter in 1-d

The 1-D description is included since most of the results can be conveniently general-
ized to 2-D filters.
The normalized Gabor filter in the time domain is [12]

_fol — Ml e oy
vt = e e 0
where f, is the filter frequency andg is the filter bandwidth. The filter bandwidth can
be also considered as filter sharpness: the sharper a filter is, the narrower is the band-
width. The Gabor filter is a complex sinusoidal wave of particular frequency modulated
by a Gaussian envelope which defines the time duration. The effective time duration is
inversely proportional to the effective bandwidth via the uncertainty relation.
The equation for Gabor filter in Fourier domain is [12]

2
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whereu denotes frequency.

Examples of a Gabor filter in 1-d can be seen in Fig. 1. The filter is presented with
same parameters in the both time and frequency domain. The frequency of the filter,
fo = % = 0.05, is clearly seen in the frequency domain filter. In time domain the
wavelength isiO units, which is 20 units in this case. Increasing valueyafould
make the time domain filter wider, i.e., a larger number of waves with the wavelength
20. In the frequency domain the filter would correspondingly become sharper, i.e.,
more closely attuned to the filter's frequency.
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Figure 1: Gabor filter in 1-dfy = % = 0.05, v = 1; (a) time domain; (b) frequency
domain.



2.2 Gabor filter in 2-d

2-d Gabor filter is a product of an elliptical Gaussian in any rotation and a complex ex-
ponential representing a sinusoidal plane wave. The sharpness of the filter is controlled
on major and minor axis by andn. The filter response can be normalized to have a
compact closed form [12]

f‘2 _ ﬁz/2+ﬁ 2
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™mn
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= —zsinf+ ycosh

wheref is the central frequency of the filtet,is the rotation angle of both the Gaus-
sian major axis and the plane wavgejs the sharpness along the major axis anid

the sharpness along the minor axis (perpendicular to the wave). The aspect ratio of the
Gaussian is\ = n/~. The normalized Gabor filter in the frequency domain is
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v\ = —usinf + vcosb.

Examples of Gabor filters in 2-d are presented in Fig. 2.

@ (b) ©

Figure 2: Gabor filter in 2-dfy, = 0.2, 6 = 0, v = n = 1: spatial domain (a) real
component; (b) imaginary component; (c) frequency domain.

The form in Eq. (4) is centered to the origin and a filter response for an image
functioné(z, y) can be calculated at any locatién, i) with the convolution

re(z,y; f,0) = Y(x,y; f,0) * {(w, )

0 5
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2.3 Multi-resolution Gabor features

Typical Gabor feature, such as Simple Gabor feature space, consists of responses cal-
culated with Gabor filters at several different orientations and scales (frequencies): a



filter bank. Using many different orientations and scales ensures invariance; objects
can be recognized at various different orientations, scales and translations. Invariance
properties of Gabor filters have been presented in more detail in [12, 13].and they will

It can be stated for an imagg, which equals¢ rotated by¢, scaled bya and
intensity multiplied bye, that

rer (20, Y0; f,0) :crg(am(),ayo;g,ﬁ—(ﬁ) ; (6)

that is, geometrical transformations of an object can be captured by filter manipulation.

A filter bank consisting of several filters needs to be used because relationships be-
tween responses provide the basis for distinguishing objects. The selection of discrete
rotation angle®, has already been demonstrated in [16], where it was shown that the
orientations must be spaced uniformly.

12
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whered, is thelth orientation and: is the total number of orientations to be used.
The computation can be reduced to half since responses on gngle$ are complex
conjugates of responses (i 7| in a case of a real valued input. For the result in

Eq. (6) to hold the frequencies must be drawn from [12, 14],

fl:kilfmax l:{077m71} (8)
Useful values fork include k = 2 for octave spacing ané = /2 for half-octave
spacing.

Now, using the features in Eq. (5) and the parameter selection schemes to cover
frequencies of interesty, . . ., f,,—1 and the orientations for desired angular discrim-
ination, one can construct a set of features at an image lodatign,). For instance
in simple Gabor feature space a feature magiis used [13]

r(zo,y0; fo,00) -+ 7(x0,Y0; fo, On—1)
r(zo,y0; f1,00) -+ 7(T0,y0; f1,0n-1)
G= _ . . 9)
(0, Y05 fm—1,60) -+ 7(T0,Y0; frn—1,0n—1)

The feature matrix can be used as an input feature for any classifier. If features are
extracted from objects in a standard pose, it is possible to introduce matrix manipu-
lations that allow invariant search [12, 13]. Column-wise circular shift of the feature
matrix provides orientation manipulation, though if responses are calculated for only
half orientation space the phase wrapping must be taken into consideration. Similarly
a row-wise shift provides scale manipulation. In the case of scale manipulation the
shift is not circular but the highest frequencies vanish and new lower frequencies are
mapped into feature matrix.

The parameters of a multi-resolution Gabor filter bank are listed in Table 1.

2.4 Calculating filter spacing

Another application dependent problem is the selection of optimal values for filter fre-
guencies, bandwidths and number of orientations. Optimization methods exist, but
their domains are limited [12]. It is not however necessary to define all parameters
presented in Table 1 separately due to their interdependencies, and since the analytical
solutions have not yet been reported they will be introduced next.



Table 1: Parameters of a multi-resolution Gabor filter bank.
Parameter Description

P1 Crossing point between filters in adjacent frequencies
D2 Crossing point between filters in adjacent orientations
k Scaling factor for filter frequencies

y Filter sharpness along major axis

m Number of filters in different frequencies

Jmin Tuning frequency of the lowest frequency filter
fmaz Tuning frequency of the highest frequency filter
n Filter sharpness along minor axis
n Number of filters in different orientations

2.4.1 Filter frequency spacing

The frequencies of filters in a filter bank afie= finaz, f1 = frnaz/k f2 = frmae/K>,

veos fn = fmaz/k™ 1. Selection of values of and~ are interdependent: they should

be selected so that the filter bank captures all frequencies important for the application,
e.g., captures all frequencies to represent an object. In Figure 3, a suitable value of
v has been calculated after settihg= /2 and the crossing point between adjacent
filters atp; = 0.2.
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Figure 3: Sequential filters crossing at vajye= 0.2.

Using Eq. (2) a point:, can be solved where value of the equatiop,is

I 2(ua7f0)2 _

Uu) = e Ho D1

= ug=fo <1i’y1ﬂ\/—lnp1>, (20)

which corresponds to two adjacent filters at frequengiesnd f, / k. Therefore,
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On the other hand& andp, filter frequency scaling factor and crossing point between
adjacent filters, are specifiegcan be solved from Eq. (11):

= (1) v (12

™

(11)

Also p; can be solved from Eq.(11) whenandk are known as

p = e O, (13)

Additionally, we might want to solvé when fy = fraz, frne1 = fmin @andm are
given:

1
fmin = Lm—1 fmam

In fypin—In fmax

= k=  wm-1 . (14)
Also an indicative value fom can be solved from Eq.(14) based fR.., fmin andk,

1 min -1 max
m = B fmez g (15)
Ink

The exact value returned by the equation is not usable directly begaissan integer.
A table which helps to calculate correct values for any combination of frequency
related variables is given in Table 2.

Table 2: Parameter equations for filter frequency spacing.

b1 k B m fmzn fmaz
1 k+1
D1 k = (—kfl) V—Inp;
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€ m=1 m fmzn fmar
k In frin—=In frmas 1 .
- Ink + 1fmzn fmaa:
k m Em—1 fmaac fmax
—1
k m fmm fminkm

2.4.2 Filter orientation spacing

The minor axis sharpness of a 2-d Gabor filtgican be calculated based on the number
of orientations and required overlap. In Fig. 4 a diagram of two Gabor filters in the
frequency space is shown.



Figure 4: Two Gabor filters with different orientations in the frequency space.

Solvingn is based on Eq. (2) with a crossing pojintbetween two filters in adja-
cent orientations:

nr 2 2

W) = o K o,
—1
R Y (16)
™ Up

Now, u;, can be solved fromy, = tan (%) fo , wheren is the number of filter orien-
tations. However, this creates needlessly wide filters when number of filter orientations
is small,n < 4. Another possibility is to use an approximation tqrby dividing cir-
cumference of a circle by number of filterg, = ’;—{{’ Therefore;) can be solved to

either

_1y/—Inpy _1y/—lInpy
N=—4+——< or = —+—>=". 17)
Wtall(%) T 5

When number of orientations, is large,n calculated by both of the equations ap-
proaches the same value, but with a smathe first solution for, leads to needlessly
wide filters, so the latter equation is preferred. With approxingtge, can be solved
from Eq. (16) as

nm2 2

P2 = e (18)

Additionally an indicative value fon can be solved based grandn,

(n72)?

T (19)

n = —

Actual value must be an integer.
A table which helps to calculate correct values for any combination of orientation
related variables is given in Table 3.



Table 3: Parameter equations for filter orientation spacing.

P2 n n
_ (qm?)?
b2 U \/ 41n po
V=1
P2 Lly—jops n
nﬂ-z 2 2n
e m n n

2.4.3 Example of filter spacing

Two filter banks in the frequency space are presented in Fig. 5. Only the upper half of
the filter bank is needed because responses on the lower half are complex conjugates.
In Fig. 5(a) filters are closely located in the frequency space (v/2) and therefore

in the frequency direction the filters are shaspig large). The same value was used

for n and consequently there are large gaps between filters in different orientations,
and as a result there can be features at specific angles that cannot be detected by the
filter bank in Fig. 5(a). In Fig. 5(by is solved and the gaps between filters in different
orientations disappeatr.
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@y =n=235 (b)y =~ 2.35,n =~ 1.03

Figure 5: Examples of filter banks in frequency space, bottse5,n =4, p = 0.2
andk = v/2; (@)y = 1 ~ 2.35; (b) v ~ 2.35, ~ 1.03.



3 Efficient Gabor Filtering

In this section the most important characteristics of Gabor filters and filtering in the
both domains are discussed in the context of computational complexity. It should be
noted that the results are mainly devised in the discrete domain and in order them to
apply the discrete Gabor filter construction must not violate restrictions given in [12].

3.1 Background
3.1.1 Convolution

Convolution of two functionsg (x) andg(x) is

hia) = @) xgle) = [ " fu)gle — u)du . (20)

Denoting thatF'(s) is the Fourier transform of (x) andG(s) is the Fourier transform

of g(x), then f(z) = g(z) has the Fourier transforti(s)G(s). This result is known

as the convolution theorem. The convolution can then be calculated as (a bar denotes
Fourier transform, and a long bar denotes inverse Fourier transform):

frg=Ff3="[xg, (21)
i.e., the convolution of two functions is the inverse transform of the product of their
transforms [3].
In practice discrete signals are used and for a discrete sigaall convolution
maskf of length M Eq. (20) becomes

M/2

him)= > f(n)g(m—n). (22)

u=—M/2

For calculating convolution in one point of the sigr@{){) calculations are needed.

If the length of signalf is N, the total complexity i€)(M N). By using Eq. (21) the
convolution of whole signal is achieved by taking Fourier transforms of both the signal
and the convolution mask, multiplying them and taking inverse Fourier transform. FFT
has complexity ofD(N log N), and thus, the complexity of convolution becomes ap-
proximatelyO (3N log N). UnlessM is very small (a small mask), the latter method

is faster. Convolution can be straightforwardly extended to 2-dimensional signals in
which case the complexities become (with a square signal and r@4dKky N?) and
O(3N2logN) for simple convolution and the Fourier transform based method, respec-
tively.

3.1.2 Fourier transform

The discrete Fourier transform (DFT) is the foundation for the algorithms working in
frequency domain, including convolution. The Fourier transfafity), for a discrete
function f(z) is

N-1
. 1 —j2nuz/N _
F(u)—N E_O flx)e™? Joru=0,1,2,..., N -1 (23)
wherej = y/—1. Conversely the inverse transform is
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N-1
f(x) = Z F(u)eﬂ””""/N,foru =0,1,2,...,N — 1. (24)
u=0

The complexity of DFT isO(N?): for every value ofF'(u),u = 0,1,...N —1a
summation for all values of (z),z = 0,1,..., N — 1 is needed [8].

A more efficient algorithm for calculating DFT exists: FFT (Fast Fourier trans-
form). FFT has sequential complexity 6f( N log N). The DFT equation can be
written as

1 N-1
F(u) =+ > fla)w™ (25)
=0

wherew = e 72"/N s called as a twiddle factor. There exists many formulations
for FFT, but generally the algorithm works by dividing the summation recursively into
smaller parts by a divide-and-conquer approach. The summation can be divided to two
parts

1 N/2-1 N/2-1

Fu) =5 [ D ey 4 37 2w+ 1w+ (26)
=0 =0

where the first part corresponds fowith even indexes and the second part to odd
indexes. The equation can be rearranged as

L[ e N/2—-1
F(u)zi N3 ; f(2x)w2w—|—w“N—/2 ;} f2z + Dw?™| . (27)

Each summation is now/2 point DFT and the equation can be written as

F(’LL) = % [Feven + quodd] . (28)

EachN/2 point DFT can be divided to tw@V/4 point DFTs and the decomposition
can be continued until single points are to be transformed, leading to overall complex-
ity O(N log N). Transforming a 2-d signal is done in two steps: at first, the FFT is
performed for all image rows, and then, the FFT is performed for all columns of the
row-wise transformed image. It does not matter whether row- or column-wise FFT is
performed first. For an image of siZé x N 2N FFT transforms with complexity
O(N log N) need to computed, and therefore, the total complexi€y(&N? log N).

The generic FFT formulation is limited to working with signals of lengthn =
1,2, ... but fast solutions for other signal lengths has been devised. One example of a
highly optimized FFT library is FFTW3 [7], which implements the best known FFT
formulations and utilizes a sophisticated code-generation framework for finding the
most effective transformation method for different hardware platforms. The library
can compute FFT i (N log N) time for a signal of any length, and the code gener-
ation framework enables automatic optimization for hardware platforms with varying
memory bandwidth, cache, and floating point computation performance characteristics.

11



3.2 Effective filter envelopes

Effective filter envelope corresponds to a support area where filter coefficients are sig-
nificant. Coefficients outside this area can be discarded with only negligible effect in
accuracy. Since Gabor filters are elliptical functions the effective envelope is an ellipse
which can be encapsulated by a minimal size rectangle. The size of the rectangle may
significantly reduce the computational complexity in the spatial domain filtering and
save memory in the frequency domain filtering.

The support of a Gabor filter is infinite, but in the discrete domain the filter size is
always limited. Requirements for accurate filtering have been givenin [12], but here the
requirements are revised and further applied to reduce the computational complexity.

Effective filter envelope is defined by the Gaussian part of the Gabor filter, the
sinusoidal part can be ignored. The envelope for a 1-d filter is the shortest interval of
the filter that includes some defined percent of the total filter energy. For a 2-d filter
the envelope is similarly the smallest area (an ellipse) which includes certain percent
of the total filter energy [10].

3.2.1 Envelopesin 1-d

The effective filter envelope — the shortest interval of the filter that contains a defined
part of the total filter energy — contains the most important part of the filter, therefore
it is unnecessary to calculate filter in other areas. Time domain filtering is based on
the convolution which has complexity (/) for a single point (here, a single Gabor
filter response), wher@/ is the size of the filter. For a smaller filter the responses
can be computed faster. Gabor filter, Eq. (1), consists of two parts: a sinusoidal wave
and a Gaussian envelope. For solving the effective filter envelope, only the Gaussian
part of the filter has to be taken into account. The Gaussian equation cannot be inte-
grated analytically, but the effective filter envelope must be solved using approximation
methods.

The envelope has the standard Gaussian form,

1 t—p)2
e_( ) . (29)

t =
g(t) e
which area cannot be analytically integrated but effective numerical methods exist, and
therefore, the form can be used to estimate envelopes. The corresponding substitutions
can be solved for the spatial domain filter, Eq. (1)pas 0 and

8
o= . (30)
V2| fol
For the frequency domain filter, Eq. (2), the substitutionsare f, and
Jo
= . 31
oy (31)

3.2.2 Envelopesin 2-d

In 2-d the effective interval is replaced by an effective ellipse and consequently by a
minimal rectangle where the ellipse fits. In the integration the separability of Gaussian
can be utilized, i.e, it is sufficient to define intervals including percent of the filter

energy in two perpendicular directions and multiply them. The envelope will be a lower

12



bound estimate for the envelope, i.e. it will contain more energy than an accurately
solved ellipsoidal envelope.

There are two 1-d Gaussians directed along the filter’s major and minor axes. The
Gaussians are controlled by two different sharpness valuaadr, and for the two
Gaussians 1-d filter envelopes are solved separately, i.e, the interval for including
e1q percent of the filter energy. Calculation of 1-d envelopes was explained in Sec-
tion 3.2.1. When two 1-d envelopes are combined to create a 2-d envelope, the con-
tained energy will bes, = €2,,. Two 1-d envelopes are used to create an approximate
square envelope. Additionally, the square envelope must be rotatécbg a new,
final envelope is created.

The 1-d envelopes form the major and minor axes of the ellipsoidal envetope,
andb. Now, a rectangular envelope can determined by finding the points in the ellipse
which are directed along andy axes after the rotation (see Fig. 6). These points are
the points in the derivative of the ellipse’s equation with slopes) and— tan(% —0).

The equation for ellipse with major axisand minor axis is
2 2
%+yf2=1,a>0,b>0$y::|:9 a? — 2. (32)
x b a

After derivation the equation becomes

—bx

T 33
y PNz (33)
Now, point with specific slope must be found,= c,
2
ca
T=Ep T g (34)

A

A N _ envelope

y=tan(0) x + p, y = -tan(w/2-6) x + p,

Eg«

Figure 6: Determining effective envelope for a 2-d Gabor filter in spatial domain. Ma-
jor and minor axesy andb, of the ellipsoidal envelope must be known as well as filter’s
orientationd.

Four points,(z1,y1), (—x1, —y1), (z2,y2), and(—z2, —y2), lie in the border of the
envelope. To get the final envelope the points must be rotated in relation to the origin
by 6,

13



T 1

B B’ B ) cosf sinf
As = T2 Y2 {— sinf cos 0] ’ (35)
—T2 Y2

Now, smallest and largestandy coordinates must be selected frotg. These coor-
dinates define the rectangular envelopef ¥ n3,n = 0,1,2,... one of the slopes

goes to infinity, and the four points for defining the envelope before rotatiofuabe,
(—a,0), (0,b), and(0, —b). In the frequency domain the envelope is calculated sim-
ilarly, except that the 1-d envelopes leadingatand b must be solved for frequency
domain case (see Section 3.2.1) and the filter is not centered at the origin but the loca-
tion is defined by the filter’'s frequendfy, and the the ellipse is centered(ify, 0),

fot+tzi
_|fo—x1 —yi| [ cosf sinf
Ar = fotxze  yo —sinf cosf|’ (36)
fO—ZUQ —Y2

The actual envelope is again determined by the smallest and largediy coordinates
in Af.

3.2.3 Determining the highest frequency of the filter

The frequency domain envelope has an important property: the higher bound defines
also the highest needed frequengy;,,. This information can be used to downscale
the signal prior to filtering. Depending on how low the highest frequency is the down-
scaling may have a very significant effect to the computation speed: the image to be
filtered is now smaller and can be filtered faster. Also the size of a spatial domain filter
is reduced. An input image can be downscaled before filtering by a scaling factor

W 05
o fhigh ’
where0.5 is the Nyquist frequency. As a result, the unnecessary frequencies residing
abovef,;,, are removed and computations needed for filtering are reduced, since both
the size of the image and the convolution mask are now smaller. It must be noted
that downscaling might not be always wanted depending on the final use of the filter
responses. For instance, in case of object detection the accuracy may suffer with low
resolution responses if the object to be detected lies in the border of two adjacent pixels
in the low resolution image.

To solve fr;gn the maximum distance from the origin to the edge of the ellipsoid
envelope of the Gabor filter in the frequency domain must be found. The center of the
ellipse is located in pointfy, 0), wheref, is the frequency of the filter, and its major
axis isa and minorb. The distance from the origin to the edge of the ellipse is

(37)

2
d(z) = \/(fo +x)2+ (Z a? — x2> x] < a. (38)

The concept is illustrated in Fig. 7. The lower half of the ellipse can be ignored since
it is symmetrical to the upper half.

If b < a, frigh = fo + a because no point in the edge of the ellipse can be farther
from the origin than the edge-point of the envelope residing imtasis. For case

14



Figure 7: Determiningfy;4, With the help of an ellipsoidal envelope of a 2-d Gabor
filter in the frequency domain.

b > a the maximum ofi(x) must be solved by finding the zero-point of the derivative
of d(x),

9 2 72b22w
2(x) = fot2r— 7 _o, (39)

2\/(f0 +2)2 4 (2va? - x2)2

which leads to
a2f0
a2 _ b2’

The equation may give solution> a in which casefyign = fo + a, otherwisefygn,
can be found by applying in Eq. (38), frign = d(x).

T =—

b>a,l|z| <a. (40)

3.3 Separability of Gabor filters

If a filter G can be expressed as multiplication of two vect@¥s,; * G, the fil-

ter G is separable. For separable filters the convolution can be performed separately
with 1-dimensional filters=.,; andG,.,.,. This decreases the total complexity from
O(M?N?) to O(2M N?), whereN is the width/height for the image and for the

filter. As compared to FFT filteringQ (N2 log N), it can be noted that the spatial
domain convolution with separable filters is beneficial wién< log N.

Gabor filters which are parallel (horizontal and vertical) to the image axes are sep-
arable,f = n3,n = 0,1,2,... . One filter is a sinusoidal function with Gaussian
envelope and the another a Gaussian envelope. If filters with arbitrary orientations
are used, exploiting separability requires image rotation which increases complex-
ity especially because interpolation have to be used to avoid aliasing effects. How-
ever, separable Gabor filters can extended to work with filters #&thdegree angle,

0 =%+n3,n=0,1,2,.. ,whichhas beendone in[15]. The separability is achieved
by going through the image in diagonals instead of along image axes. the

3.4 Exploiting filter symmetry

Symmetry and anti-symmetry features of 2-d Gabor filters were used to speed up the
spatial domain computation in [17]. Gabor filters are symmetric: the same filter values
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will be repeated in several locations. For example in Fig. 8 is a Gabor filter where
valuea = 0.0620 or its negation is repeated four times around the center of the fil-
ter. Using generic convolution the computation concerning those four points would be
avy + ave + (—a)vs + (—a)vy which includes four multiplications and three addi-
tions. The same can be calculatedids; + v2 — vs — v4), Which reduces the number

of multiplications to one. Similar re-ordering can be performed for many of the filter
locations leading to considerable improvement and it can be applied separately to both
real and imaginary part of the filters. The symmetry and anti-symmetry properties can
be used automatically to reduce multiplications when computing filter responses. How-
ever, with today’s processors multiplications are not expensive operations and therefore
these optimizations are not very significant anymore.

Relyp(zoy)

@)

-0.0009  0.0031  -0.0065 0.0084 | -0.0065 0.0031  -0.0009
-0.0031  0.0108  -0.0228 0.0293 | -0.0228 0.0108 -0.0031
-0.0065 0.0228 -0.0483 0.0620 | -0.0483  0.0228 -0.0065
-0.0084  0.0293  -0.062(0 0.0796 | -0.0620  0.0293  -0.0084
-0.0065 0.0228  -0.0483 0.0620 | -0.0483 0.0228  -0.0065
-0.0031 0.0108 -0.0228 0.0293 | -0.0228 0.0108 -0.0031
-0.0009 0.0031 -0.0069 0.0084 | -0.0065 0.0031 -0.0009

(b)

Figure 8: (a) Real part of a Gabor filter in spatial domain; (b) real values of the Gabor
filter.
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4 Implementation

This section concentrates on efficient implementation details of multi-resolution Gabor
filtering in both spatial and frequency domains.

4.1 Filtering in spatial domain

A diagram of filtering in spatial domain is presented in Fig 9. The complexity of
convolution depends directly on the size of the convolution mask which in this case
is the Gabor filter. Complexity for calculating filter response for one poin(i872)
where M is the width and height of the mask. If the filtering is done for the whole
image, the complexity i©)(M?N?) where N denotes both width and height of the
image. Itis important for fast computation that the size of the fikér,is as small as
possible (Section 3.2.2).

Filters Responses
Real Imag absolute

=0.2
06=0° —
=0.2
%
=0.2
6=90° —
=0.2
NN

Figure 9: Filtering in spatial domain.

Convolution

If the highest frequency of the filter allows, the image can be downscaled before
filtering by the factorass from Eq. (37). In practice, it is most straightforward to
use downscaling only to integer factors or even only to power of two factors since
then downscaling corresponds to an average of a group of pixels and no interpolation
is needed to avoid aliasing effects. The complexity of downscaling by averaging is
O(N?): every pixel of the originalV x N image is processed to produd€ /a2,
pixels to the resulting image. The complexity of computing a single filter response is
now O(MQ/agf). The complexity of filtering all pixels in the downscaled image is

27172
o™, (41)
asf
Clearly, the complexity is drastically affected by the scaling faetgrwhich in turn is
defined by the highest frequency of the fili&s,;,. The total complexity of computing
K filter responses for a Gabor filter and by utilizing downscaling is
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2
O(N? + KMT). (42)
agy
There are two separate steps in filtering: creation of a filter and filtering an image

with the filter. An algorithm for spatial domain filter creation is presented in Alg. 1,
and an algorithm for filtering in the spatial domain in Alg. 2. Scaling faatgrcan be
set manually to a value lower than the one determined yyjth.. The scaling factor
must be decided before the filter creation.

Algorithm 1 Create a spatial Gabor filter with parametefs 9, v andn.

. Solvefyiqn using f, v andn (Section 3.2.3).

. Adjustf byasy, f' = asyf, EQ. (37).

: Solve filter envelop& for a filter with parametersf’, 6, v, ) (Section 3.2.2).
: Compute the filtey for filter area F with parameters {’, 0, ~, ).

A WN P

Algorithm 2 Filter an images in the spatial domain with a filteg (scaling factora, ;)
at locationsP = {(z, y)x }-

1: Downscale the imageby factoras s, s — s'.

2: for All pointsp in P do

3:  Adjust the point’s coordinate/ = p/as.

4:  Compute responsgp) by convolving the imagé€ in the pointp’ with the filter
qg.

5: end for

If the symmetry and anti-symmetry properties are to be used a more complex data-
structure to hold the filter is needed instead of a simple 2-dimensional diltdn
practice, the complex structure would hinder the efficiency of the filtering, and there-
fore, the filtering algorithm needs to include a hard-coded filter for each different set of
filter parameters to gain any improvement from the symmetry and anti-symmetry prop-
erties. This is not very practical for a generic filtering framework, but can be applied
for a specific filtering task.

Utilizing separability would require only a small change to the filter creation al-
gorithm Alg. 1. The filter creation would be changed so that if the filter orientation
allows, i.e. 0 = ng,n = 0,1,2,..., two 1-dimensional filtersg; andg-, would be
created instead of one 2-dimensional filierHowever, the filtering algorithm Alg. 2
would require more thorough changes, because separable filters do not decrease com-
plexity at all for filtering at a single point. The whole image needs to be filtered, first
to one direction with filteg, and then to perpendicular direction with filigy.

4.2 Filtering in frequency domain

A diagram of filtering in the frequency domain is presented in Fig 10. First, the image is
converted to the frequency domain with FFT, the FFT transformed image is multiplied
by a Gabor filter and the responses are converted back to the spatial domain with the
inverse FFT. The complexity of 2-d FFT and IFFTGN?log N) with a constant
multiplier. The multiplier depends on the image dimensions and the implementation;
dimensions with low-prime factors are the fastest to compute. Slow implementations
may use generic DFT (discrete Fourier transform) with complexit@ @¥?) if N is
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not a power of two. In this study FFTW3 library, as a part of Matlab, has been used.
The library computes FFT for a signal of any lengthGaN? log N) [7].

Responses in Responses

Filters frequency space absolute

!

Image after FFT
Y =0.2

‘ , | 0=45°

& \

r -4

l

=0.2
6=90°

Inverse FFT

Multiplication with filters

£=0.2
0-135°__,

!

. . < -
e 24 =
NN i

Figure 10: Filtering in frequency domain.

In this case the smallest possible size of the effective filter envelope is not as crucial
as in the spatial domain case since the whole image must be converted to the frequency
domain and back whether the filter envelope is used or not. However, most of the filter
values will be close to zero and they can be omitted to minimize memory usage and
the number of multiplications.

The image to be filtered can be downscaled before filtering similarly as in the spa-
tial domain filtering case. Another possibility is to perform downscaling during IFFT
phase of filtering. While downscaling has lower complexity than IFFT, the latter may
be preferable in practice with multi-resolution filtering because the image has to be
converted only once to the frequency domain. If regular downscaling is performed,
FFT has to be performed for every downscaled image.

A diagram of downscaling in frequency space is presented in Fig. 11. The parts of
the transformed image corresponding to higher frequenciesfthan can be simply
discarded from the frequency domain presentation. The filter actually includes only a
small portion of the frequency space even after discarding the high frequencies, how-
ever, the frequency space cannot be dissected arbitrarily and-sgme> f; interval
must be included. In the spatial domain filter responses will have the same energy
(the sum of response magnitudes will not change) when downscaling is performed in
this fashion. To scale the filter response magnitudes to the correct scale they must be
multiplied by —- wherea, is the scaling factor (Eq. (37)).

By downscaling with scaling factar, ; the complexity of the IFFT can be reduced

to
N? N?
asf asf

Algorithm for creating a filter in the frequency domain is presented in Alg. 3 and
an algorithm for filtering in Alg. 4. Scaling factar,; can be set to any value during
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Figure 11: Downscaling during filtering in frequency space. Note that zero frequency
is in the upper left-hand corner of the figures.

filtering with no effect to the filter creation.

Algorithm 3 Create a frequency domain Gabor filter with parametérg, v and.

. Solve filter envelope E with parametelss ¢, v, n) (Section 3.2.2).
: Compute the filtey for filter area E' with parametersf, 6, v, n).

. Solvefyiqn using f, v andn (Section 3.2.3).

: Solve scaling factoa ¢, Eq. (37).

A W N PP

Algorithm 4 Filter an images in the frequency domain with a filter(scaling factor
as¢ and filter areak).
1: Initialize r’ to the same size asand zero.
: Compute FFT of the image’, = F(s).
. Filter in filter area, ' (E) = §'(E) * g.
: Crop frequencies abov(%% out of7’.
. Transform responses back to spatial domain with IFFF F~1(r’).
. Scale response magnitudess r—

5.
asf

o g A WDN

4.3 Multi-resolution filtering

Multi-resolution feature extraction here is based on similar structure to Laplacian pyra-
mid [5]. A Laplacian pyramid represents an image as a pyramid of quasi-bandpassed
images (see Fig. 12), where the bottom of the pyramid has the highest frequency con-
tent of the image sampled densely, and the higher levels contain lower frequency in-
formation sampled at sparser densities. Each level of the pyramid reduces the filter
band limit by an octave, and the sample density can be reduced by the same factor.
The Laplacian pyramid was used for image compression, but multi-resolution Gabor
feature extraction, such as simple Gabor feature space [13], uses a similar idea. Both
computation time and memory will be saved as the responses are computed at lower
resolutions than the original image resolution.

Implementing similar multi-resolution structure with Gabor filtering is straightfor-
ward. Alg. 4 can be used as an example: when the scaling fagtos selected based
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Figure 12: The structure of Laplacian pyramid.

on frign Of the current filter, resolution of the responses depends directly on the fre-
guency of the filter. High frequency filter responses will be sampled densely and lower
frequencies increasingly more sparsely, i.e, at lower resolution. Octave spaced filter
frequenciesk = 2, must be used if a similar structure as in Fig. 12 is wanted: four
high frequency responses correspond to one response in the next level. If some other
value fork is used, the pyramid structure will not have as clear correspondences be-
tween responses in different levels.

Using a multi-resolution structure may be problematic for the following processing
steps after feature extraction, for example, classification in object recognition. If the
responses from filters in different frequencies must be eventually used with the same
resolution, sparsely sampled responses from low frequency filters must be upscaled
back to a higher resolution. Upscaling can create various errors, which are discussed
in Section 5.2.2. If the the responses must be in the same resolution, it is preferable to
compute all responses directly at the same resolution and omit the upscaling procedure.
The resolution can be selected based on the highest frequency filter.

With multi-resolution filtering filters can be re-used in the spatial domain. Only the
highest frequency filter is needed. Lower frequency responses can be computed using
the same filter for downscaled image, and the process can be continued to lowest fre-
guencies (see Fig. 13). Re-using the filters is not important for standard workstations.
Filters just consume a small amount of memory and the computing time is not reduced.
However, re-using filters can be important in a hardware-based solution.

4.4 Selecting the optimal filtering approach

The decision whether the filtering should be performed in the spatial or the frequency
domain should be based mainly on for how many points the filter responses are re-
quired. If responses are needed for all points, frequency domain filtering is practically
always preferable as can be seen comparing Egs. (41) and (43)gtbkause of the
latter is very likely to be smaller thah/? /a2, in the first one.

Filtering all points is not always necessary, and it is worthwhile to create a decision
criteria for reaching the maximum efficiency. A decision tree for selecting a proper
filtering technique is presented in Fig. 14. After initial selection on whether the fre-
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Figure 13: Re-using filters in the spatial domain.

guency or the spatial domain filtering is preferable, the frequency domain filtering is
straightforward, but for the spatial domain the benefit of downscaling must be consid-
ered. Actual computing times may vary from the given complexities depending on the
implementation details and in the case of FFT on the actual exact algorithmic com-
plexities which depend on the signal dimensions. Still, the implementation details and
given complexities should cause only a linear or constant difference to the decision
tree, and the tree can be adjusted based on experiments.

Choose the domain
based on Egs. (42) and (43).

Spatial domain

Worthwhile Frequency domain

downscale?
N’ + KM’/al‘_fz <K M?

h J
‘ Downscale by a,

Yes

Downscale by a ‘

]

A A4
Filter in K points Filter in frequency
with convolution domain.

Figure 14: A decision tree for selecting an optimal filtering procedure.
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5 Experiments

The authors have created a Matlab toolbox for efficient computation of Gabor filter re-
sponses [11]. The toolbox especially supports multi-resolution feature structures which
are the most popularly used. Some experimental results of potential speedups and se-
lection of filtering method are presented here.

5.1 Selecting the optimal filtering domain

The selection between the domains is demonstrated in Fig. 15. The decision tree pre-
sented in Fig. 14 would, in this case, use a cut-off point where the computation is
changed from the spatial to the frequency domain at 13000 for the simak (1)

filter and to 1800 for the large9 x 29) filter. In practice, for the small filter size the
change should be done much earlier (after 3000 points), but for the large filter size the
number is accurate. There is a rather large additional cost included to the computation
of each filter response, which can be explained by the inefficiency of the implementa-
tion in Matlab environment. With a small filter the filtering is fast, and therefore, the
inefficiency of the environment causes comparably larger slowdown than with a large
filter where filtering itself is taking a longer time.

0.5

— Spatial 11x11 (0.5 energy)
0.45F | — Spatial 29x29 (0.99 energy)
Spatial 11x11 (complexity)
0.4F Spatial 29x29 (complexity)
- - - Frequency domain

o

S w

w G
T

Computing time

I
N

o
[
3

0 1000 2000 3000 4000 5000
Number of filtered points

Figure 15: Computing times and complexities for calculating responses for a certain
number of points.

5.2 Errors caused by optimizations
5.2.1 Effective envelopes

Using effective filter envelopes causes some errors to the filter responses as shown in
Fig. 16. First, a filter bank (four orientations and four frequencies betwezand
0.0707) was created with full filters, and the responses were compared to a filter bank
created utilizing effective envelopes. The test image contained Gaussian noise. In both
the spatial and the frequency domains the error gets steadily smaller when the filter
energy (envelope size) increases. Another expected fact is that filtering time increases
heavily in the spatial domain when large envelopes are used, while the envelope size
has only negligible effect in the frequency domain.
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Figure 16: MSE between filter responses calculated at full energy and using an effective
envelope, and the effect to filtering time; (a) spatial domain; (b) frequency domain.

With frequency domain filtering large envelopes should always be used since large
filters do not significantly increase filtering time. Full size filters, however, waste
enormous amount of memory, and therefore, the envelope should be set to as high
as0.99 — 0.999. In the spatial domain the selection of suitable energy for the filter
envelope is not as easy since a compromise between the accuracy and computing time
must be done. However, filter energy®8 — 0.9 seems to be a point where accuracy
is reasonable without computing time yet growing excessively.

5.2.2 Multi-resolution

Filter responses of the same filter with different scaling-levels are presented in Fig. 17
and 18. The downscaled filter responses look similar to responses at original resolution,
as they should.

Magnitude Real Imaginary

100 200 300 400 500 100 200 300 400 500 100 200 300 400 500
Figure 17: Filter responses from a filterjfat= 0.0177 and orientationi 35°.

However, when the downscaled filter responses are upscaled back to the original
size anomalies appear. When the downscaled filter responses, real and imaginary parts,
are upscaled separately with bilinear filtering, the resulting absolute value image has
a very noticeable grid pattern (Fig. 19(a)). The grid pattern occurs because the low-
resolution filter responses are alternating between high and low values in neighboring
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Figure 18: Filter responses from a filterfat= 0.0177 and orientatior1 35° with image
downscaled to 1/16th.

pixels with no intermediate values in-between. Additionally, real and imaginary values
are in different phase. The effect is visualized in Fig. 20 where only 100th line of the
image is plotted with original filter size and with bilinearly upscaled values. The effect
disappears if the low-resolution magnitude responses are upscaled instead of upscaling
real and imaginary parts separately (Fig. 19(b)). The reason for this is that while the
real and imaginary values are varying to a great degree between neighboring pixels the
magnitudes are quite smooth, and therefore, upscaling creates no undesired effects.

100
150

200

150 200 250 300 350 400 450 500 150 200 250

@ (b)

Figure 19: Filter responses from a filterfat= 0.0177 and orientatior 35° with image
downscaled to 1/16th; (a) Real and imaginary responses are upscaled to original reso-
lution with bilinear filtering and magnitudes of responses are shown; (b) Magnitudes
of responses are upscaled to original resolution with bilinear filtering.

The effect of downscaling during filtering was tested in Fig. 21. An image was
filtered with a filter bank with four frequencies, the highest frequency beiogy and
four orientations. The image was downscaled during filtering with scaling factors 1,
2, 4 and 8, and the responses were then upscaled back to the original resolution with
nearest neighbor method (no interpolation) and with bilinear filtering. As was expected
from the previous experiments, errors were smaller when absolute value responses were
scaled as compared the the case where real and imaginary responses were upscaled
separately.

While bilinear upscaling method leads to slightly smaller MSE, it cannot be recom-

25



Original riginal
- — — Upscaled pscaled imag and real
1 s pscaled abs b

L L L L L L L L L L L L L L L L L L
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500

(a) real and imaginary (b) absolute

Figure 20: Example of scaling error effect. (a) Real and imaginary parts of the filter
response; (b) Magnitudes of the filter response.
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Figure 21: MSE between full size filtering and dowscaling procedure. Filtering time
does not include upscaling.
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mended because of previously mentioned anomalies (Fig. 19), which do not occur with
nearest neighbor upscaling method. Filtering time is improving steadily when larger
scaling factors are used, but it depends on the application whether loss of accuracy can
be tolerated and to what degree. It must be noted that the downscaling of the image
followed by upscaling the filter responses with nearest neighbor method leads to errors
only because of low resolution of responses. For example, after scaling an image down
by factor of 8, 64 pixels in the original image share the same filter response, while it is
accurately correct for only one pixel.
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6 Conclusions

Gabor features have shown to have beneficial properties in feature extraction for many
computer vision tasks, but their computational complexity has prevented their use in
practice. It was thus motivated to address the computational enhancements in this
study.

Multi-resolution features are of special importance and it was pointed out how
the computations can be significantly improved by utilizing effective filter envelopes,
which reduce the computational complexity in the spatial domain and space complex-
ity in the frequency domain. In addition, utilizing the highest required frequency for
the image downscaling leads to a remarkable improvement for the both spatial and
frequency domain filtering. Additionally, selection of filtering domain, either the spa-
tial domain or the frequency domain, was considered for gaining maximum efficiency
based on filter parameters and number of points to be filtered. Finally, the selection
of filter bank parameters was defined so that all frequencies and orientations can be
included.

With the provided results the Gabor filtering is finally enhanced to its optimal per-
formance in the sequential programming and now the only available path is a parallel
implementation, which on the other hand, would be natural for multi-resolution Gabor
features. In the future use of the provided Gabor filter framework will be demonstrated
in real-time computer vision tasks, especially in object tracking.
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